A real algebraic variety is maximal (with respect to the SmithThom inequality) if the sum of the Betti numbers (with Z 2 coefficients) of the real part of the variety is equal to the sum of Betti numbers of its complex part. We prove that there exist polytopes that are not Newton polytopes of any maximal hypersurface in the corresponding toric variety. On the other hand we show that for any polytope ∆ there are families of hypersurfaces with the Newton polytopes (λ∆) λ∈N that are asymptotically maximal when λ tends to infinity. We also show that these results generalize to complete intersections.
Introduction
In 1876 Harnack showed that the maximal number of connected components of a real algebraic plane projective curve of degree m is (m − 1)(m − 2)/2 + 1. He also proved that for any positive integer m there exist curves of degree m which are maximal in this sense (i.e. with (m − 1)(m − 2)/2 + 1 connected components). Harnack's bound is generalized to the case of any real algebraic variety by the SmithThom inequality. Let b i (V ; K) be the i th Betti number of a topological space V with coefficients in a field K (i.e. b i (V ; K) = dim K (H i (V ; K))). Denote by b * (V ; K) the sum of the Betti numbers of V . Let X be a complex algebraic variety equipped with an anti-holomorphic involution c. The real part RX of X is the fixed point set of c. Then the Smith-Thom inequality states that b * (RX; Z 2 ) ≤ b * (X; Z 2 ). A variety X for which b * (RX; Z 2 ) = b * (X; Z 2 ) is called a maximal variety or M -variety. The question "does a given family of real algebraic varieties contain maximal elements?" is one of the problems in topology of real algebraic varieties. For the family of the hypersurfaces of a given degree in RP d a positive answer is obtained in [IV04] using the combinatorial Viro method called T -construction (see [Vir84] , [Vir04] , [Ite97] , and Theorem 3.1). This question is, in general, a difficult problem. Indeed we show that Itenberg-Viro's theorem of existence of M -hypersurfaces of any degree in the projective spaces of any dimension cannot be generalized straightforwardly to all projective toric varieties. More precisely, in any dimension greater than or equal to 3 there are polytopes ∆ such that no hypersurface in the toric variety X ∆ associated with ∆, with the Newton polytope ∆, is maximal. However, in the 2-dimensional case such a generalization of the Harnack theorem holds (see Section 4). Let us first consider the 3-dimensional case. Let k be a positive integer number, and ∆ k be the tetrahedron in R 3 with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0), and (1, 1, k). Note that the only integer points of ∆ k are its vertices. Proposition 1.1. For any odd k ≥ 3 and any even k ≥ 8, there is no maximal surface in X ∆ k with the Newton polytope ∆ k .
It is easy to generalize the above examples in dimension 3 to higher dimensions. From now on by polytope we mean a convex polytope with integer vertices in the positive orthant (R
Proposition 1.2. For any integer d ≥ 3 there exist d-dimensional polytopes ∆ such that no hypersurface in X ∆ with the Newton polytope ∆ is maximal.
It is then natural to tackle the following weaker question. Let ∆ be a ddimensional polytope and {λ·∆} λ∈N the family of the multiples of ∆. Suppose that there exists a collection of polynomials {P λ } λ∈N satisfying the following conditions :
(1) the polytope λ · ∆ is the Newton polytope of P λ , (2) the total Betti numbers b * (RZ λ ; Z 2 ) and b * (Z λ ; Z 2 ) are equivalent when λ tends to infinity (here Z λ denotes the hypersurface in X ∆ defined by P λ ). In this case we say that the family {Z λ } λ∈N is asymptotically maximal. Given a d-dimensional polytope ∆ in (R + ) d , does there exist an asymptotically maximal family of hypersurfaces in X ∆ ? A positive answer to this question is given here. Theorem 1.3. For any polytope ∆ there exists an asymptotically maximal family of hypersurfaces {Z λ } λ∈N in X ∆ such that for any λ the Newton polytope of Z λ is λ · ∆. On the other hand the following theorem is a counterpart of Theorem 1.3 for complete intersections. Let ∆ be a d-dimensional polytope in R d , and k be an integer such that 1 ≤ k ≤ d. Knudsen-Mumford's theorem (see [KKMSD67] p.161 and Theorem 3.2) asserts that there exists a positive integer l such that l · ∆ admits a convex primitive triangulation. Let λ 1 , · · · , λ k be k positive integers. Denote by ∆ λi the polytope λ i l · ∆. Let {(λ 1,m , · · · , λ k,m )} m∈N be a sequence of k-tuples of positive integers such that λ i,m tends to infinity for any i = 1, . . . , k. Let {(Z λ1,m , · · · , Z λ k,m )} m be a sequence of k-tuples of algebraic hypersurfaces in X ∆ such that Z λi,m has the Newton polytope ∆ λi,m . Assume that for any natural number m the variety Y m = Z 1,m ∩ · · · ∩ Z k,m is a complete intersection. Definition 1.5. Under the above hypotheses, the family {Y m } m∈N is called asymptotically maximal if b * (RY m ; Z 2 ) is equivalent to b * (Y m ; Z 2 ) when m tends to infinity. Theorem 1.6. Let ∆ be a d-dimensional polytope, and k be an integer number satisfying 1 ≤ k ≤ d. Let {(λ 1,m , · · · , λ k,m )} m∈N be a sequence of k-tuples of natural numbers such that λ i,m tends to infinity for any i = 1, . . . , k. Then, there exists a sequence of k-tuples {(Z λ1,m , · · · , Z λ k,m )} m∈N of algebraic hypersurfaces in X ∆ such that
(1) Z λi,m has the Newton polytope ∆ λi,m (2) for any natural number m, the variety Y m = Z 1,m ∩ · · · ∩ Z k,m is a complete intersection, (3) the family {Y m } m∈N is asymptotically maximal.
Organization of the material. We first describe combinatorial patchworking and recall some results we will use. In Section 3 we describe Itenberg and Viro construction of asymptotically maximal hypersurfaces in projective spaces. We then prove the existence of asymptotically maximal families of hypersurfaces for any Newton polytope (Theorem 1.3). Proposition 1.1 and Proposition 1.4 are proved respectively in Section 4 and in Section 5. Finally, Section 6 is devoted to the existence of asymptotically maximal families of complete intersections. We describe there Itenberg and Viro construction of asymptotically maximal complete intersections in projective spaces and we prove Theorem 1.6.
The author is grateful to Ilia Itenberg for his valuable advice.
Preliminaries
2.1. Toric varieties. We fix here some conventions and notations, the construction of toric varieties we use is based on the one described in [Ful93] . Let ∆ be a polytope, p a vertex of ∆, and Γ 1 , · · · , Γ k the facets of ∆ containing p. To p we associate the cone σ p generated by the minimal integer inner normal vectors of Γ 1 , · · · , Γ k . The inner normal fan E ∆ is the fan whose d-dimensional cones are the cones σ p for all vertices p of ∆. The toric variety X ∆ associated to ∆ is the toric variety X(E ∆ ) associated to the fan E ∆ (see [Ful93] ).
2.2. Combinatorial patchworking. By a subdivision of a polytope we mean a subdivision in convex polytopes (with integer vertices). A subdivision τ of a polytope ∆ of dimension d is called convex if there exists a convex piecewise-linear function Φ : ∆ → R whose domains of linearity coincide with the d-dimensional polytopes of τ . Let us briefly describe the combinatorial patchworking, also called T -construction, which is a particular case of the Viro method. A more detailed exposition can be found in [IV04] (see also [Vir04] or [GKZ94] p. 385).
Given a triple (∆, τ, D), where ∆ is a polytope, τ a convex triangulation of ∆, and D a distribution of signs at the vertices of τ , the combinatorial patchworking, produces an algebraic hypersurface Z in X ∆ .
Let ∆ be a d-dimensional polytope (R + ) d and τ be a convex triangulation of ∆. Denote by s (i) the reflection with respect to the coordinate hyperplane x i = 0 in R d . Consider the union ∆ * of all copies of ∆ under the compositions of reflections s (i) and extend τ to a triangulation τ * of ∆ * by means of these reflections. Let D(τ ) be a sign distribution at the vertices of the triangulation τ (i.e. each vertex is labelled with + or −). We extend D(τ ) to a distribution of signs at the vertices of τ * using the following rule : for a vertex a of τ * , one has sign(s (i) (a)) = sign(a) if the i-th coordinate of a is even, and sign(s (i) (a)) = −sign(a), otherwise.
Let σ be a d-dimensional simplex of τ * with vertices of different signs, and E be the hyperplane piece which is the convex hull of the middle points of the edges of σ with endpoints of opposite signs. We separate vertices of σ labelled with + from vertices labelled with − by E. The union of all these hyperplane pieces forms a piecewise-linear hypersurface H.
For any facet Γ of ∆ * , let N Γ be a vector normal to Γ. Let F be a face of ∆ * and Γ 1 , . . . , Γ k be the facets containing F . Let L be the linear space spanned by Denote by H the image of H in ∆. Let Q be a polynomial with the Newton polytope ∆. It defines a hypersurface Z 0 in the torus (C * ) d contained in X ∆ . The closure Z of Z 0 in X ∆ is the hypersurface defined by Q in X ∆ . We call ∆ the Newton polytope of Z. 2.3. Sturmfels' theorem for complete intersections. In [Stu94b] B. Sturmfels proposed a combinatorial construction producing complete intersections. In fact, Sturmfels' construction is an extended version of the combinatorial patchworking. We quote here this theorem in the particular case we need. For the general statement and the proof we refer to [Stu94b] . The initial data of the procedure of construction of a complete intersection using Sturmfels' theorem are the polytopes ∆ i , the functions ν i and the sign distributions D i . Apply the T -construction for each triple (∆ i , τ i , D i ) to construct the hypersurfaces S i . Let D * i be the sign distribution at the vertices of τ * i .
The functions ν 1 , · · · , ν k define a convex decomposition of ∆ in the following way (see [Stu94b] , [Stu94a] or [Bih02] ). Let∆ i be the convex hull of the set
×R be the Minkowski sum∆ 1 +· · ·+∆ k and denote by G the lower part of the boundary of∆. Let ν be the piecewise-linear convex function of graph G defined on ∆ (i.e. G is the union of facets of∆ whose inner normal vectors have positive last coordinate). The function ν defines a convex subdivision δ of ∆ whose d-dimensional polytopes are the domains of linearity of ν. Let Γ be a polytope in δ andΓ its image by ν. ThenΓ can be uniquely written as the Minkowski sumΓ 1 + · · · +Γ k whereΓ i is a face of∆ i for i = 1, · · · , k. This induces a decomposition of Γ as a Minkowski sum Γ = Γ 1 + · · · + Γ k such that ν i (Γ i ) =Γ i . Sturmfels' theorem requires the following genericity condition on the functions ν i .
Definition 2.2. The k-tuple ν 1 , · · · , ν k is said sufficiently generic if for any polytope Γ of δ, dimΓ = dimΓ 1 + · · · + dimΓ k , whereΓ =Γ 1 + · · · +Γ k is the unique way to writeΓ as the Minkowski sum of faces of∆ 1 , · · · ,∆ n .
We call mixed subdivision a subdivision δ obtained as above from triangulations τ 1 , · · · , τ k and sufficiently generic convex functions ν 1 , · · · , ν k . A mixed subdivision δ is equipped with a decomposition of each of its polytopes Γ as a Minkowski sum Γ = Γ 1 +· · ·+Γ k , where Γ i is a simplex of τ i . Two mixed subdivisions are considered as equal if and only if they coincide as polyhedral subdivisions, and each polytope of these subdivisions has the same decomposition into a Minkowski sum in both of them. Extend δ to a subdivision δ * of ∆ * by means of the reflections with respect to coordinate hyperplanes. The extension of the sign distribution to δ * is as follows. Let v be a vertex of δ * , and let
For j ∈ {1, · · · , k} construct the hypersurface S j in the following way. For any polytope Γ ′ in δ * , consider its symmetric copy Γ in δ. There is a unique way to
Theorem 2.3 (B. Sturmfels). With the above notation, there exist hypersurfaces Z i with the Newton polytopes ∆ i , respectively, and a homeomorphism f : RX ∆ → ∆ such that the hypersurfaces Z i define a complete intersection Y in X ∆ , and f sends RZ i (resp., RY ) onto S i . (resp., ∩ j=1···k S j ).
2.3.1. Cayley trick. Instead of constructing the complete intersection in the Minkowski sum of Newton polytopes, it is convenient to use so-called Cayley trick (see, for example, [Stu94a] ). Let ∆ 1 , . . ., ∆ k be convex polytopes with integer vertices in
The convex hull of∆ 1 , . . .,∆ k in R k+d is called Cayley polytope and is denoted by C(∆ 1 , . . . , ∆ k ). The intersection of C(∆ 1 , . . . , ∆ k ) with the subspace B ⊂ R k+d defined by x 1 = . . . = x k = 1/k is naturally identified with the Minkowski sum ∆ of ∆ 1 , . . ., ∆ k multiplied by 1/k. Thus, any triangulation of the Cayley polytope
The following lemma can be found, for example, in [Stu94a] .
Lemma 2.4. The correspondence described above establishes a bijection between the set of convex triangulations with integer vertices of C(∆ 1 , . . . , ∆ k ) and the set of mixed subdivisions of the Minkowski sum of ∆ 1 , . . ., ∆ k .
Denote by C * the union of the symmetric copies of
is the reflection of R k+d with respect to the hyperplane {x i = 0}, and compositions of these reflections.
Choose a convex triangulation τ of C(∆ 1 , . . . , ∆ k ) having integer vertices and a distribution of signs at the vertices of τ . Extend the triangulation τ to a symmetric triangulation τ * of C * and the distribution of signs at the vertices of τ to a distribution at the vertices of the extended triangulation by the same rule as in Subsection 2.2: passing from a vertex to its mirror image with respect to a coordinate hyperplane we preserve its sign if the distance from the vertex to the hyperplane is even, and change the sign if the distance is odd.
For any (k + d − 1)-dimensional simplex γ of τ * and any j = 1, . . . , k denote by γ j the maximal face of γ which belongs to a symmetric copy of∆ j . Let K j (γ) be the convex hull of the middle points of the edges of γ j having endpoints of opposite signs, and let H(γ) be the intersection of the join K 1 (γ) * . . . * K k (γ) with B. Denote by H the union of the intersections H(γ), where γ runs over all the (k + d − 1)-dimensional simplices of τ * , and denote by H the image of H in
The following statement is an immediate corollary of Theorem 2.3.
Proposition 2.5. Assume that all the polytopes ∆ 1 , . . ., ∆ k are multiples of the same polytope Π with integer vertices. Then, there exist nonsingular real hypersurfaces Z 1 , . . ., Z k in X Π with the Newton polytopes ∆ 1 , . . ., ∆ k , respectively, and a homeomorphism f :
such that the hypersurfaces Z 1 , . . ., Z k define a complete intersection Y in X Π and f maps the set of real points RY of Y onto H.
2.4.
Formulae for the Betti numbers. V. Danilov and A. Khovanskii [DK87] computed the Hodge numbers of a smooth hypersurface in a toric variety X ∆ in terms of the polytope ∆ involving in particular the coefficients of the Ehrhart polynomial of ∆ (see [Ehr94] or [Ehr67] ). Our aim being to investigate asymptotical behaviors of certain families of hypersurfaces or complete intersections, we need only the simpler results that are quoted below. Definition 2.6. A d-dimensional polytope ∆ is simple if for each vertex a of ∆, the number of edges of ∆ containing a is d.
Let l * (∆) be the number of integer points in the interior of ∆ (i.e. l
The following statement can be found in [DK87] Section 5.11.
Lemma 2.7. Let ∆ be a 3-dimensional simple polytope, and Z be an algebraic hypersurface of X ∆ with the Newton polytope ∆.
The following two propositions can be derived from Khovanskii's results (see [Hov77] and [Hov78] ) or can be found in [Mik] .
Proposition 2.8. Let ∆ be a polytope, and {Z λ } λ∈N be a family of algebraic hypersurfaces in X ∆ with the Newton polytopes λ · ∆. Then b * (Z λ ; Z 2 ) is equivalent to Vol(λ · ∆) when λ tends to infinity.
Denote by Vol(∆ 1 , · · · , ∆ k ) the mixed volume of the polytopes ∆ 1 , · · · , ∆ k . We choose a normalization of the mixed volume in such a way that for a primitive simplex σ we have Vol(σ, · · · , σ) = 1.
Proposition 2.9. Let ∆ be a d-dimensional polytope, and k be a positive integer satisfying k ≤ d. Assume that for any collection λ 1 , · · · , λ k of positive integers we have a collection of k hypersurfaces Z λ1 , · · · , Z λ k in X ∆ with the Newton polytopes
We also use the following result of Khovanskii on the Euler characteristic of a complete intersection in the torus (C * ) d (see [Hov78] ).
Theorem 2.10 (A. Khovanskii). Let Y be a complete intersection in (C * ) d defined by polynomials P 1 , · · · , P k with the Newton polytopes ∆ 1 , · · · , ∆ k , respectively. Then, the Euler characteristic of Y is the homogeneous term of degree d of
where the product of d polytopes stands for their mixed volume and (1 + ∆ i )
stands for the series
In the case of two 3-dimensional polytopes we use the following direct consequence of Theorem 2.10.
Corollary 2.11. Let ∆ be a simple 3-dimensional polytope and λ 1 and λ 2 be positive integers. For i = 1, 2 put ∆ i = λ i · ∆. Let Y be a complete intersection in X ∆ defined by polynomials P 1 and P 2 with the Newton polytopes ∆ 1 and ∆ 2 , respectively. Then, b * (Y ; C) = (λ The second important result we use is due to F. Knudsen and D. Mumford [KKMSD67] . In the sequel, when there is no ambiguity on the triangulation of a polytope ∆ and the sign distribution chosen, we denote by H ∆ the piecewise-linear hypersurface in ∆ * obtained by T -construction, H ∆ its image in ∆, and Z ∆ the corresponding hypersurface in X ∆ .
3.2. Itenberg-Viro asymptotical construction. In fact, we use only the following asymptotical version of Theorem 3.1. The proof of this asymptotical version is much simpler than the proof of Theorem 3.1. It can be extracted from [IV04] and was communicated to us by the authors of [IV04] . We reproduce their proof here for the completeness. . This gives rise to the desired triangulation τ of T . One can see that τ is convex.
The distribution of signs at the vertices of τ is given by the following rule. The vertex gets the sign "+" if the sum of its coordinates is even, and it gets the sign "−" otherwise. 
To prove Lemma 3.4 we define a collection of cycles c i , i ∈ I of H (in fact, any c i is also a cycle of the hypersurface H ⊂ T * , and moreover, of the hypersurface Therefore the collections of homology classes realized in T \ H and H by b i , i ∈ I and c i , i ∈ I, respectively, generate subspaces of H * ( T \ H; Z 2 ) and H * ( H; Z 2 ) and are dual bases of the subspaces with respect to the restriction of the Alexander duality. Hence c i with i ∈ I realize linearly independent Z 2 -homology classes of H.
It remains to show that the number of narrow cycles is at least 
This finishes the proofs of Lemma 3.4 and Theorem 3.3. Since the narrow cycles are constructed with the dual cycles, the union of the obtained collections of narrow cycles consists of linearly independent cycles. Thus,
The latter number is equal to Vol(∆ λl ).
Newton polytopes without maximal hypersurfaces
Before giving the proof Proposition 1.1 let us consider the lower dimensional cases. Clearly, if ∆ is an interval [a, b] in R, where a and b are nonnegative integers, then there exists a maximal 0-dimensional subvariety in CP 1 = X ∆ with the Newton polygon ∆.
If ∆ is a polygon in the first quadrant of R 2 , then again there exists a maximal curve in X ∆ with the Newton polygon ∆. Such a curve can be constructed by the combinatorial patchworking: it suffices to take as initial data a primitive convex triangulation of ∆ equipped with the following distribution of signs: an integer point (i, j) of ∆ gets the sign "-" if i and j are both even, and gets the sign "+", otherwise (see for example [Ite95] , [IV96] , [Haa98] ).
Proof of Proposition 1.1. The proof of Proposition 1.1 relies on the estimation of the Betti numbers of the complex and real parts of a real algebraic surface Z k in X ∆ k with the Newton polytope ∆ k . The Betti numbers b * (Z k ; C) are given by Lemma 2.7. We have
To estimate b * (RZ k ; Z 2 ) we consider two cases. If k is odd, ∆ k is an elementary tetrahedron, and RZ k is homeomorphic to the projective plane. Thus, in this case,
If k is even, ∆ k has either 6 or 8 nonempty symmetric copies. In the first case RZ k is homeomorphic to three spheres with some points identified. Each of the spheres has 4 marked points. Pairs of marked points are identified in the following way.
Two marked points of each sphere are identified with two marked points of another sphere, and the two other marked points are identified with the marked points of the remaining sphere. Then the Euler characteristic is zero and b * (RZ k ; Z 2 ) = 8. In the case of 8 nonempty symmetric copies, RZ k is homeomorphic to four spheres with some points identified. Each sphere has three marked points. Pairs of marked points are identified in the following way: on each sphere the three marked points are identified with marked points of three different spheres. Thus the Euler characteristic is 2 and we also have b * (RZ k ; Z 2 ) = 8.
Thus, for k even greater than or equal to 8 and for k odd greater than or equal to 3, there is no maximal surface in X ∆ k with the Newton polytope ∆ k . Let Z k be any hypersurface in X σ k . By Proposition 2.8 b * (Z k ; C) tends to infinity when k does, and so does b * (Z k ; Z 2 ). Meanwhile, b * (RZ k ; Z 2 ) is bounded (for example, by the number of simplices in σ * k ). So there exists a number k 0 such that for any integer k > k 0 and any hypersurface
Proof of Proposition
1.2. Fix an integer d ≥ 3 and consider a family {σ k } k∈N of d-dimensional simplices in R d such that their vertices are their only integer points and Vol(σZ k in X σ k one has b * (RZ k ; Z 2 ) < b * (Z k ; Z 2 ).
Newton polytopes without maximal complete intersection
Let us first consider the case of complete intersections of two surfaces. Let ∆ k be the tetrahedron in R 3 with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0) and (1, 1, k).
Proposition 5.1. Let k ≥ 5 be an integer, and Z 1 and Z 2 be real algebraic surfaces in X ∆ k with the Newton polytope ∆ k . Assume that Z 1 and Z 2 define a complete intersection
The proof of Proposition 5.1 relies on the estimation of the Betti numbers of the complex and real parts of the complete intersection Y k of two surfaces whose Newton polytopes coincide with ∆ k .
Lemma 5.2. Let Y k be the complete intersection of two surfaces in X ∆ k whose Newton polytopes coincide with
Proof. By Corollary 2.11, we have
Proof of Proposition 5.1. According to Lemma 5.2, we have b
Let f 1 and f 2 be the polynomials defining the two surfaces. Then,
3 , where R * + = {x ∈ R : x > 0}. Let Q i be another octant, and φ i be the diffeomorphism from Q i to (R * + ) 3 defined by φ i (x, y, z) = (|x|, |y|, |z|).
The diffeomorphism ψ i maps the zeros of f l to the zeroes of ψ i * (f l ) and ψ i * (f l )(x, y, z) = a l x + b l y + c l z + d l . Thus, in each octant, RY k is diffeomorphic to the intersection of two plans. Hence, the number of connected components of Y k is at most 4. So, RY k is not maximal for k ≥ 5.
The example above should be compared with the following result in dimension 2 which is probably well known but that I couldn't find in the literature.
Proposition 5.3. Let ∆ be a two-dimensional polygon. For any positive integers λ 1 and λ 2 there exist algebraic curves C 1 et C 2 in X ∆ such that
• the Newton polygons of C 1 et C 2 are λ 1 · ∆ and λ 2 · ∆, respectively,
Proof. We use here the Cayley trick. Take any primitive convex triangulation τ of ∆. By homothety, τ induces a triangulation
Consider the following subdivision δ 0 of the Cayley polytope C(∆ 1 , ∆ 2 ). In the faces∆ 1 and∆ 2 of C(∆ 1 , ∆ 2 ) corresponding to ∆ 1 and ∆ 2 take the triangulations τ 1 and τ 2 , respectively. Each 3-dimensional polytope of the subdivision δ 0 is the convex hull of a triangle of τ 1 and a triangle of τ 2 which are the multiples of the same triangle of τ . Since τ is convex, δ 0 is also convex. Let ν 0 be a convex function certifying the convexity of δ 0 , and let ν 1 be the convex function defined by ν 1 (0, 1, x, y) = C 1 y + C 2 x with C 1 > C 2 > 0 and ν 1 (1, 0, x, y) = 0. Put ν 3 = ν 1 + ν 2 . If C 1 is sufficiently small, the function ν 3 induces the following refinement δ 1 of δ 0 . Each 3-dimensional polytope of δ 0 is subdivided into two cones whose bases are triangles in∆ 1 and∆ 2 , respectively, and a join J of two edges: one in∆ 1 and the other one in∆ 2 . Take any convex primitive triangulations τ ′ 1 and τ ′ 2 refining τ 1 and τ 2 , respectively. They define a convex primitive refinement δ 2 of δ 1 . Choose a sign distribution at the vertices of δ 2 and apply the procedure of the combinatorial patchworking. Let J be a join of the decomposition δ 1 described above. It is triangulated into primitive tetrahedra t i and has lattice volume λ 1 λ 2 . Each t i has a symmetric copy containing a point of the T -complete intersection constructed. Thus, the number of intersection points obtained is λ 1 λ 2 Vol(∆) and the complete intersection constructed is maximal. Let Y k be a complete intersection of hypersurfaces in X σ k such that all these hypersurfaces have the Newton polytope σ k . Proposition 2.9 implies that b * (Y k ; Z 2 ) tends to infinity when k tends to infinity.
Let f 1 , . . . , f n be the polynomials defining the hypersurfaces. Then,
d . Let Q j be another orthant, and φ j be the diffeomorphism from Q j to (R *
The diffeomorphism ψ j maps the zeros of f l to the zeroes of ψ j * (f l ) and
So, there exists a number k 0 such that for any k ≥ k 0 and any complete inter-
6. Asymptotically maximal families of complete intersections 6.1. Itenberg-Viro asymptotical statement. The proof of Theorem 1.6 is based on the following result of Itenberg and Viro. In fact, as in Section 3, we use only the following asymptotical version of Theorem 6.1. 
The proof of this asymptotical version is much simpler than the proof of Theorem 6.1. It can be extracted from [IV04] and was communicated to us by the authors of [IV04] . We reproduce their proof here for the completeness.
Proof of Theorem 6.2. The notations used here are those of Subsection 3.2.1. Take the standard simplices T ; Z 2 ) when all numbers λ 1 , . . . , λ k tend to infinity. So, by Proposition 2.9 and Remark 6.4, we obtain that b * (RY λ1,...,λ k ; Z 2 ) is equivalent to b * (Y λ1,...,λ k ; Z 2 ) when the numbers λ 1 , . . . , λ k tend to infinity.
